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ABSTRACT: We have measured the equilibrium swelling of polystyrene networks by linear deuterated
polystyrene using the ion beam technique of helium-3 nuclear reaction analysis. These measurements
enable an analysis of the swelling of networks at low degrees of swelling, and our results showed more
swelling than predicted by using the usual forms of Flory-Rehner theory. The swelling of the networks
by linear polymers can be explained if we consider the network as connected heterogeneous clusters
which unfold during the swelling process. Reasonable results can also be obtained in terms of the Flory-
Rehner model if a value of the Flory-Huggins interaction parameter is used that is dependent on the
density of cross-links in the network. However, the resultant interaction parameter is negative, in contrast
with the general result for isotopic mixtures. We were also able to swell the networks with linear
polystyrene, which was initially mixed with high molecular weight polystyrene (which could not penetrate
the network), and so were able to adjust the osmotic pressure of the swollen network. These results
again cannot be analyzed by the usual Flory-Rehner theory, except when using a cross-linking density-
dependent interaction parameter.

Introduction

The importance and ubiquity of polymer networks in
many industrial processes lies in contrast to our present
understanding of the basic physics controlling their
behavior. Networks have many useful properties; their
ability to dissipate energy over a large volume, for
example, means that they can play an important role
in adhesion. Another useful property, and one relevant
to the present work, is the ability of a network to
withstand exposure to solvents.

The swelling of polymeric networks by organic sol-
vents has been the subject of research for some 60 years,
with many theories and modifications to existing theo-
ries being proposed to explain swelling behavior. The
debate about which theory is best is still largely a
competition between that due to Flory and Wall1-5 and
that due to James and Guth.6-9 We discuss these two
theories below, but for now it is important to note that
they have one property in common. In each case, the
swelling of the network can be predicted from the free
energy using a Flory-Huggins type lattice model.
Indeed, we can write down one equation to describe both
models, and this is generally known as Flory-Rehner
theory.10 Whether we choose the Flory-Wall theory, or
that due to James and Guth, depends simply on the
values we give certain parameters. In this equation, the
(Gibbs) free energy consists of two additive components,
one due to mixing and one due to swelling. This additive
property of the mixing and swelling terms precludes any
possibility that the two may be somehow dependent on
each other.11 Indeed, this form for the free energy of a
swollen network was criticized several years ago with
the seminal differential swelling measurements of poly-

(dimethylsiloxane) networks by Neuburger and Eich-
inger.12 They were able to vary the osmotic pressure of
the networks by varying the solvent vapor pressure and
found that neither the theory due to Flory and Wall nor
that due to James and Guth could explain their results.
Further work by Zhao and Eichinger13 sought to find a
suitable theory to explain the swelling behavior of
polymer networks, but a completely satisfactory theory
proved elusive.

Despite the fact that the Flory-Wall equation failed
to account for the results of Neuburger and Eichinger,12

its use is still prevalent. Not only that, but the debate
as to which of the two theories (Flory-Wall or James-
Guth) is better at explaining the swelling behavior of
polymer networks still continues to this day. The
differences between the two theories are simple.1,14 In
the Flory-Wall approach, the movement of the cross-
links is restricted, whereas the junctions can travel
through each other according to the theory due to James
and Guth. For this reason, the James and Guth theory
is usually called the “phantom model”, a terminology
that we shall use. Although junctions cannot physically
travel through each other, the phantom model is prob-
ably the more successful of the two at describing
swelling because this model does allow the junctions
greater freedom than the more affine model due to Flory
and Wall. We shall therefore refer to the Flory-Wall
approach as the affine Flory model.

There are various reasons for the continuing use of
the Flory-Rehner theory. First, it is not unsuccessful.
One can use it, for example, to describe the swelling of
networks by small molecule solvents. Indeed, it is very
often used to provide an estimation of the actual degree
of cross-linking in the network from the total swelling.
There are also other more subtle reasons as to why the
Flory-Rehner theory has been successful. One is that
it is simple and predictive. Given the theory and a few
known parameters, we can predict the degree of swelling
of a particular network. Not all theories are predictive,
and Flory-Rehner will only be confined to history when

* Corresponding author. E-mail: mark.geoghegan@
sheffield.ac.uk.

† Universität Freiburg.
‡ University of Sheffield.
§ Present address: IFM Electronic, Bechlinger Strasse 34,

D-88068 Tettnang, Germany.

127Macromolecules 2003, 36, 127-141

10.1021/ma0211885 CCC: $25.00 © 2003 American Chemical Society
Published on Web 12/14/2002



a replacement comes along with equally suitable predic-
tive properties, as well as better accuracy. The second
more subtle reason for the success of Flory-Rehner
theory is that it is instructive. This theory enables us
to understand the basic principles of the swelling of
polymer networks, i.e., the competition between entropy,
elasticity, and enthalpy. This is in contrast to computer
simulations, which will account for such behavior but
not necessarily make the physics clearer to the inter-
ested scientist.

Although experiments such as those performed by
Neuburger and Eichinger have not been successfully
analyzed with the Flory-Rehner theory, this does not
mean that the theory is necessarily incorrect, merely
that the particular molecular models which were used
are inappropriate. A convincing experimental demon-
stration of the inadequacy of the Flory-Rehner theory
requires the failure of the additivity of the various
energy terms. The attractiveness of Flory-Rehner as a
means of considering polymer networks has, however,
led many workers to extend and adapt the theory in
search of a better solution. Many of these have been
discussed in a brief review of some experimental tests
of these models.15 The common thread linking all of
these methods is that they all involve mean-field theory.
The plethora of models present prevents us from
considering each one in turn. However, in this work,
we tabulate our results for swelling measurements, so
the interested reader can compare particular theories
with these results. More recent extensions to the Flory-
Rehner theory16-19 brought some means of rationalizing
the discrepancies between the original model of Flory
and Wall to that of James and Guth. Furthermore, along
with these ideas came the introduction of the use of an
enthalpic interaction (ø-) parameter, which varies de-
pending on the density of cross-links present in the
network. The extension to include a cross-linking density-
dependent ø-parameter will be treated in this paper
because of the large amount of literature devoted to its
use.20-31 Even here, however, it is difficult to find any
consensus on the ø-dependence of the free energy. The
ø-parameter is not necessarily the major contribution
to the difference in free energy from the simple Flory-
Rehner theory,20,22 and some also include a dependence
of ø on solvent concentration.

Another form of mean-field theory is the rigorous
replica approach.32 Although this method brings a
mathematical rigor to the mean-field approach (argu-
ably at the expense of clarity in understanding such
networks), it is not readily experimentally testable.

In the present work, we therefore take the view that
it is important to analyze the swelling of polymer
networks in the light of Flory-Rehner theory. This will
help us to further understand the limitations of the
theory and ensure that, when it is used, it is used
correctly. With the best usage of Flory-Rehner theory
in mind, we shall also consider its extension with a
cross-linking-dependent interaction parameter. Never-
theless, our swelling results will also be applied, where
possible, to a simple scaling model developed else-
where,33 which considers the anomalous swelling of the
networks.

One of the important factors in discussing the swell-
ing of polymer networks is the existence of heterogene-
ities in the networks. Flory-Rehner theory considers
the network as having a characteristic strand length
(average distance between cross-link points), which is

uniform over the entire sample. Many small-angle
neutron scattering (SANS) experiments have shown
that this is not the case, largely by perturbing the
network somehow, by either stretching34-37 or by swell-
ing.20,34,36,37 The so-called “butterfly patterns”, observed
by neutron scattering measurements,34-37 are a case in
point.

Perhaps the most promising approach to a fuller
understanding of the swelling of polymer networks has
been to consider the networks as self-similar fractal
structures. Here there are also different approaches to
this problem. In one case, the network is considered as
loosely connected fractal clusters. On swelling, the
clusters deinterpenetrate (or unfold). These clusters are
characterized by an inner fractal dimension that is only
weakly dependent on the degree of cross-linking.38 This
was criticized as being unlikely in later work that
suggested that this deinterpenetration would not oc-
cur.39 In other words, the effect of the swelling would
be local. Both ideas were further supported with com-
puter simulations. However, the model networks used
in the latter situation were end-linked with a Gaussian
distribution of strand lengths, and it was accepted that
in more heterogeneous systems (i.e., with many clusters
or other defects such as “dangling ends”), the swelling
argument would be pushed in the direction of the model
due to Sommer and co-workers.38 Both models can be
approximated to scaling theories. In the model due to
Sommer and co-workers, the size of the cluster is the
relevant parameter, and it scales on swelling with a
slightly larger exponent than the Flory exponent for the
length of a polymer in a good solvent. The later (more
local) model treats the network strands as the relevant
length scale (as do the classical network elasticity
theories), and here the scaling exponent, which is
applied to the network strands, is somewhat larger than
the Flory exponent (0.72 instead of 0.6). We shall not
consider the latter model any further and point out that
the scaling theory due to Sommer and co-workers has
been extended and successfully applied to the data
discussed in the present work.33 We shall present the
basic results, but the interested reader is referred to
the original papers for the full details.

This work is part of a series of studies involved in
elucidating many physical phenomena that occur with
thin films of polystyrene networks. In each case, we
have observed either direct or indirect evidence for
heterogeneities. The first study considered the interface
between a network and high molecular weight linear
polymer.40 In this situation, the high molecular weight
linear polymer was not able to swell the network but
could only penetrate it up to a certain distance. In
several cases, the amount of penetration was observed
to decrease with time, after an initial increase. This
pointed to the existence of large-scale heterogeneities,
which have their own, rather long, relaxation times. The
same effect was noted in a later paper on the segrega-
tion of linear polymers from the network to a vacuum
surface.41 In this case, the adsorbed amount was oc-
casionally observed to decrease with time, again after
an initial increase. In an investigation of the interpen-
etration of grafted polystyrene brushes into polystyrene
networks,42 we observed that at, or close to, equilibrium,
the amount of penetration of the network by the brush
layer was independent of the cross-link density, at least
over the range of cross-link densities studied. It is
possible that the brush searched out regions of the
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network with few cross-links, and if these regions were
large enough, the average cross-link density would not
be a major parameter. Finally and most directly, in
measurements of the interdiffusion of a film of linear
polystyrene into polystyrene network films,43 we ob-
served interdiffusion that appeared to be time depend-
ent in some cases, pointing to the large-scale relaxation
of heterogeneities. As well as this, we observed the
interpenetration of the linear polymer layer by the
network. We concluded that part of the network was
being squeezed into the linear polymer during swelling.
This is particularly interesting because it enables us to
put a length scale on these heterogeneities, and they
are particularly large, of the order of 100 nm or more.

In the present work, we describe experiments whereby
we have swollen polystyrene networks with linear
deuterated polystyrene (dPS). By working with thin
films, we are able to achieve swelling equilibrium on
experimentally accessible time scales. The swelling of
a polymer network in its own melt is perhaps the ideal
way of understanding the swelling of polymer networks
for three reasons: First, the solvent is neutral. The
linear polystyrene that we used is deuterium labeled,
but this enthalpic interaction is very small and can often
be neglected. Second, the degree of swelling can be
altered by not only changing the cross-link density, but
also by changing the length of the linear polymer. This
is particularly useful because Flory-Rehner theory
suggests that the ratio of these two parameters should
be a universal scaling parameter that can describe the
swelling. Finally, the success of Flory-Rehner theory
is based upon swelling by small solvents. Any hetero-
geneities originally present in such systems have been
essentially removed because of the high swelling ratio.
As we have argued that heterogeneities are present over
mesoscopic length scales in our model networks, it is
worth investigating them. By swelling with linear
polymers, we can only access small degrees of swelling.
This means that the heterogeneities must still be
present, and their effect should be observable.

This paper is divided up as follows: In the Experi-
mental Section, we discuss the network preparation and
characterization process as well as the helium-3 nuclear
reaction analysis technique. We then discuss the Flory-
Rehner theory by reviewing the affine Flory and phan-
tom theories. Then we discuss the swelling equilibrium
results and compare them to the predictions of these
theories. We explain the deviations from these models
by excluded volume effects, considering the network as
a fractal structure. Before leaving the network swelling
measurements, we present an analysis based upon the
Flory-Rehner theory but with a cross-link-dependent
interaction parameter. Finally we present measure-
ments on a more general system where we are able to
characterize the osmotic pressure and the free energy
of the swollen polystyrene network during different
swelling stages (and also to provide a comparison with
the earlier experiments12). These data are again ana-
lyzed in the framework of the Flory-Rehner theory with
a cross-linking density-dependent interaction param-
eter.

Experimental Section
Network and Sample Preparation. As the time scales

that determine the movement of polymer chains in molten
networks are so large, equilibrium structures can only be
attained by the use of thin films. The model networks we use
are either chemically prepared to obtain small mesh sizes

(N < 320 in this study) or have been cross-linked by hydrogen
ion irradiation resulting in larger mesh sizes (N > 260). We
used a bilayer sample geometry with a linear polymer film
placed on top of the network layer. The bilayer itself was
supported on a silicon substrate. The linear polymer layer was
spin coated onto a glass microslide before being floated off onto
distilled water. It was then picked up onto the lower layer on
silicon. The thicknesses of the network and initial melt layers
(between 500 and 1000 nm) had to be tuned very carefully with
respect to the amount of linear polymer that was left on the
network surface after the network has been swollen to equi-
librium. This layer had to be thick enough to provide enough
polymer to completely swell the network and to be stable on
the network surface without undergoing dewetting. However,
the melt layer should not have been too thick such that the
network layer was located so deep as not to be measurable.
In the following, we describe preparation and characterization
of the two network types.

Chemically Cross-Linked Networks. The synthesis has
been described previously,35-37,40-44 but a more detailed version
in the general literature is lacking and so is provided here.
The reaction is a three-stage process; we use a Friedel-Crafts
reaction and an exchange reaction to randomly functionalize
the polystyrene with an aminomethyl group (NH2CH2), and
the third stage is the cross-linking reaction.

First, monodisperse polystyrene dissolved in distilled dichlo-
romethane (∼4% w/v) was reacted under argon with N-
chloromethylphthalimide (between 0.5 and 1% w/v) and SnCl4

(∼2 vol %) as catalyst to obtain the statistical copolymer poly-
(p-N-methylphthalimide styrene-co-styrene). The reaction to
the ortho position on the aromatic ring is sterically hindered.
The reaction continued for between 1 and 4 h before being
stopped with a drop of tetrahydrofuran (THF). This reaction
yields HCl and so it is important to wash the product until a
pH value of 7 is achieved. The amount of N-chlorometh-
ylphthalimide and the reaction time are the parameters by
which one can control the final amount of cross-linking. The
modified polystyrene is then dried before being dissolved in
THF (∼5% w/v) and reacted under reflux with hydrazine,
which was added to the solution dissolved to 5 vol % in ethanol.
The resultant mixture contained 4 mL of THF to every 1 mL
of ethanol. This reaction lasted typically 10 h. The resulting
statistical copolymer is poly(p-aminomethylstyrene-co-styrene),
sometimes called poly(vinylbenzylamine-co-styrene); the sec-
ond reaction product is 2,3-dihydrophthalazine-1,4-dione. The
two reaction stages are shown in Figure 1a. We characterize
the amount of aminomethyl groups by acid-base titration or
NMR. A typical acid-dose titration measurement would
involve 100 mg of aminomethylated polystyrene dissolved in
a mixture containing 27 mL of THF and 3 mL of water.
Titration using infrared spectroscopy has shown these methods
to be satisfactory.44 To create a cross-linked network, the
aminomethylated polystyrene is dissolved in toluene. To this
solution we added the required amount of terephthaldialde-
hyde (the cross-linker, also known as benzene-1,4-dicarboxal-
dehyde) dissolved in toluene. The resultant mixture was
immediately spin cast onto a silicon wafer. In case a small
amount of aminomethyl groups remain un-cross-linked, the
reaction is brought to completion on further annealing for
several hours in a vacuum oven at 185 °C. Figure 1b shows
the cross-linking condensation reaction. As the process mainly
takes place in a highly concentrated solution during spin
casting, we can expect truly random cross-linking. Of course
this process leads to densely and sparsely cross-linked regions,
and these heterogeneities can have a profound effect on the
network properties, as we shall describe in detail. Neverthe-
less, we believe these networks were created very close to the
dry state and so are model random networks.

The bulky cross-link that we describe is slightly larger than
two chain units and is not expected to be neutral to the linear
polystyrene chains. However it should be dilute enough in
order that enthalpic effects can be neglected. In contrast to
networks created by, for example, a copolymerization process
we do not expect aggregation of cross-links.45-48 By using high
molecular weight precursor chains (P > 2800, where P is the
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polymerization index of the linear chains), we also reduce the
amount of “dangling ends”. Therefore, the amount of sol in
the networks is negligible and is washed out by toluene.

Irradiation-Prepared Networks. One disadvantage of
the chemical preparation method for our model networks is
that larger mesh sizes cannot be reliably prepared due to the
presence of increasing sol. To avoid this problem, we achieved
lower cross-link densities (large mesh sizes) by irradiating
polystyrene films. The irradiation of polymers by UV or X-ray
photons, ions, electrons, or R-particles modifies the material
in several ways. The main processes are the formation of Cd
C double bonds, chain scission, the creation of radicals, and,
as a consequence, cross-links.49 If the ion dose and the absorbed
energy are kept low (∼1 eV/atom), cross-linking is the domi-
nant process in polystyrene and the stoichiometry of the
system is preserved.50

The network preparation was performed as follows: mono-
disperse polystyrene was dissolved in toluene and spin coated
onto a silicon wafer, producing films of thicknesses of between
500 and 1000 nm. The polymer films were irradiated with 2
MeV H2

+ ions (which break up into a pair of 1 MeV protons
on impacting the sample surface) to create uniform networks
of about 0.5 × 0.5 cm2 size. Hydrogen ions were chosen because
not too much energy is absorbed by the films as the ion
decelerates (they have a low stopping power). This low
stopping power of the hydrogen ions ensures that the ion
energy and therefore the cross-link density remain relatively
constant as a function of depth. To characterize the cross-link
density of the irradiated samples we use the statistical theory
of Inokuti.51 This theory takes into account the initial molec-
ular weight distribution and the relation between the amount
of chain scissions and cross-links. These parameters are well-
known for polystyrene.50 By knowing the gel fraction of an
irradiated sample, we can calculate the mean number of cross-
links per chain. We washed the irradiated samples with
toluene to remove any sol created during irradiation. By
measuring the thickness of the irradiated film by Rutherford
backscattering (RBS) before and after washing in toluene, we
were able to obtain the gel fraction. The gel fraction is given
simply by the ratio of the film thickness in the washed sample
to that before washing with toluene. By measuring the
thickness of the washed sample at different points, we noted
that the cross-link density was constant to within 10%.

To verify the statistical theory, we performed several tests:
First, it is well-known that the number of cross-links increases
linearly with ion dose.52 We confirmed this linear cross-linking
dependence on the ion dose by using gel fractions with different
precursor chain lengths. Second, there is a material specific

size that characterizes the amount of cross-links per unit
energy absorbed in the sample. This size has been determined
experimentally for polystyrene by several groups. The so-called
Gx value (the number of cross-links for an incident dose of 100
eV) is obtained by measuring the gel point dose (the ion dose
at which the gel point is reached): Hall et al.53 obtained Gx )
0.044 cross-links for a 1.5 MeV H+ beam, and Klaumünzer et
al.49 obtained Gx ) 0.051 cross-links for a 0.3 MeV H+ beam
onto polystyrene. We calculated Gx by the statistical theory
using the obtained gel fraction data and obtained Gx ) 0.040
cross-links for our proton irradiation, which is consistent with
the above results.

For characterization of the networks, we used a lower
precursor molecular weight (P ) 327-1250) to obtain low gel
fractions, which enabled an exact determination of the rela-
tionship between ion dose and the number of cross-links. We
used higher molecular weight polystyrene (P ) 3220 and 6192)
to create the networks used in the experiments, because this
ensures negligible sol.

As a final step, having cross-linked the polymer, we washed
the networks in toluene to remove any remaining sol. The
starting molecular weight for the model networks is so high
that we were not able to measure, within error, any sol. The
error on the film thickness measurements by RBS is better
than 10% but such a sol fraction would be inconsistent with
our results for the low molecular weight characterization
samples. We also annealed some networks for several hours
to test the appearance of sol fraction during annealing due to
sample degradation. No measurable degradation was observed.

Helium-3 Nuclear Reaction Analysis. To obtain the dPS
concentration-depth profiles we used helium-3 nuclear reac-
tion analysis.54,55 We here summarize the salient features. An
incident beam of monoenergetic 3He+ ions hits the sample and
reacts with the deuterons to form 5Li compound nuclei which
quickly decay, creating protons and R-particles. The incident
3He+ ions (and the emitted R-particles) are slowed by electronic
collisions in the film. From the energy spectra of the emitted
particles and knowing the differential cross section of the
reaction, we can extract the volume fraction-depth profile of
the deuterons and therefore the dPS.

For this work, we chose to detect protons because, although
the resolution near the surface is slightly worse in comparison
to R-particle detection,56 at depth the resolution is somewhat
better because protons lose almost no energy in exiting the
sample. More importantly the count rate is much greater with
proton detection (for the osmotic pressure measurements we
sometimes used very low dPS concentrations).

Figure 1. Chemical pathway to a statistical polystyrene network: (a) product after the first two stages, a statistical copolymer;
(b) chemical reaction to form the cross-links in the networks during the spin casting process and during annealing.
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The samples were placed at angles of between 15 and 30°
to the beam and the detector at 165° to the beam. The
resolution at the surface was between 30 and 80 nm depending
on the angle between incident beam and sample and this
resolution degraded slowly with increasing depth. The incident
ion energy was 1.2 MeV.

Swelling Measurements
Theory. First we briefly review the Flory-Rehner

theory of swelling. This theory has previously been used
successfully to interpret many network swelling mea-
surements using organic solvents57-59 and is based on
the assumption that the total free energy of a swollen
polymer network consists of the simple addition of
elastic and mixing terms,

It has often been proposed60,61 that the success of this
theory might be due to the cancellation of two errors.
The elastic energy is probably overestimated as ex-
cluded volume interactions are omitted in the simple
Flory treatment and the mixing free energy is certainly
also too large because correlations between cross-links
and network chains are ignored.

The elastic energy term is analogous to that of a
spring obeying Hooke’s law and can be written as

where Ng is the total number of lattice sites (we consider
a lattice-type model, but Ng is equivalent to the total
volume), N is the average number of monomer units
between cross-links, kB is Boltzmann’s constant, T is the
absolute temperature, and φ is the volume fraction of
the solvent (linear chains) such that 1 - φ represents
the fractional volume occupied by the network. λi is the
expansion in any one direction; if λx ) λy ) λz ) λ, then
expansion is isotropic and can be rewritten as λ ) (1 -
φ)-1/3. If, however, λx ) λy ) λz ) 1, then there is no
stretching and there is no elastic contribution to the free
energy. In the case of swelling in one dimension, we
have λx ) λy ) 1, and λz ) λ ) 1/(1 - φ). The prefactor
Γ is a constant dependent on the nature of the network.

The mixing term can be given by

where P is the size of the solvent (linear polymer chain),
Φ is another constant dependent upon the molecular
model for the network that we choose, and ø is the
Flory-Huggins enthalpic interaction parameter for the
network and solvent. If the network is not prepared in
the dry state, but rather at a volume fraction φs in a
solvent, then λxλyλz and λx

2 + λy
2 + λz

2 in the above two
equations would need to be multiplied by φs and φs

2/3

respectively. Here we consider ln(λxλyλz) to be a network
entropy term. Although the network itself has a mass
that should be considered infinite, the network strands
can have entropy between two fixed junctions because
they have a certain conformational freedom. If the
junctions are not fixed in space, as in the phantom
theory, then this term must disappear (Φ ) 0). The
logarithmic term can also be considered to be part of

the elastic contribution to the free energy, in which case
it is a term whose effect is to penalize compression.

In this paper, we shall consider both three and one-
dimensional swelling. For the three-dimensional case,
we obtain by adding eqs 2 and 3

For the affine Flory theory,1-5 Γ ) 1 and Φ ) 2/f, and
Γ ) (f - 2)/f and Φ ) 0 for the phantom theory.6-9 In
our case the functionality is f ) 4. Given that we are
working with a simple bilayer system that is con-
strained to a substrate, the issue of dimensionality is
important. Our samples show no evidence of swelling
outside the limits imposed by the substrate. We have
found in our previous experiments,41,43 however, that
analysis using a one-dimensional swelling is not as
successful as three-dimensional swelling. We have at-
tributed the greater success of analysis assuming three-
dimensional swelling to the presence of heterogeneities
in the network, but nevertheless, we shall also test one-
dimensional swelling. For one-dimensional swelling eq
4 becomes

The equilibrium state is now defined by the equivalence
of the chemical potentials inside and outside the net-
work. We can set the chemical potential of the melt
outside the network to zero and so obtain62

where na is the total number of linear chains and φn )
1 - φ. It is necessary to differentiate ∆F/Ng rather than
∆F because the number of lattice points increases as
the network is swollen.

The affine Flory and phantom models are often
considered as two limiting cases of the same theory. In
the affine Flory model the junctions are embedded in
the elastic continuum and are not able to fluctuate due
to constraints imposed by other junctions. In the phan-
tom model, the junctions can freely move and are not
influenced by stretched chains. Experimentally, the
swelling of a network by small molecule organic solvents
can typically be better described by the phantom theory
due to the increasing freedom of the junctions during
the swelling process.14 It is important to note that these
two models do not take into account excluded volume
or other chain interactions due to entanglements. From
eq 6, we obtain for the number of monomers between
cross-links14

∆F ) ∆Felastic + ∆Fmix (1)

∆Felastic )
NgkBTΓ

2N
(1 - φ)(λx

2 + λy
2 + λz

2 - 3) (2)

∆Fmix )

NgkBT(φ ln φ

P
- Φ

2N
(1 - φ) ln(λxλyλz) + øφ(1 - φ)) (3)

∆F
NgkBT

) 3Γ
2N

((1 - φ)1/3 - (1 - φ)) +

Φ(1 - φ)
N

ln(1 - φ) + φln φ

P
+ øφ(1 - φ) (4)

∆F1D

NgkBT
) Γ

2N
(1 - φ)( 1

(1 - φ)2
- 1) +

Φ(1 - φ)
N

ln(1 - φ) + φln φ

P
+ øφ(1 - φ) (5)

µa ) 1
kBT

∂(∆F/Ng)
∂na

)
- φn

2

kBT
∂(∆F/φn)

∂φn
)

Γ(1 - φ)1/3

N
-

Φ(1 - φ)
N

+
(1 - φ)

P
+ ln φ

P
+

ø(1 - φ)2 ) 0 (6)

N ) - P
2( (1 - φ)1/3(1 + G(φ))

(1 - φ) + ln φ + Pø(1 - φ)2) (7)
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with G(φ) ) 0 for the phantom model and G(φ) ) 1 -
(1 - φ)2/3 for the affine Flory model. The same is true of
swelling in one dimension; by equating the chemical
potential to zero in the one-dimensional case, we obtain

where G1D(φ) ) 0 for the phantom model, and 1 -
(1 - φ)2 for the affine Flory model. If φeq is the
equilibrium fraction of dPS by volume in the network,
we define

as the swelling ratio. Equations 7 and 8 are generalized
in the sense that they can also be adapted to other
developments of this theory, such as the constraint
junction19 or slip-link models.63 These particular models
are not considered in the present work.

Because we are considering an almost athermal
system, we note that P/N is a scaling parameter (if we
assume ø ) 0) that does not depend on whether we use
the affine Flory or phantom theory

where f1 is a function chosen according to the model
used.

In the above Flory-Rehner theory, the individual
network strands provide the largest characteristic length
scale. This means that the network is assumed to be
homogeneously swollen. However there is experimen-
tal34,43 as well as theoretical evidence38,39 that statistical
network structures display inhomogeneities on large
scales. The so-called swelling anomaly at the onset of
swelling,12,13,21,64,65 as well as some results from swollen
or stretched networks, has not been explained by the
classical theories above.34,35,37,43,66,67

The classical models discussed above consider the
individual network strand as the largest characteristic
subunit, which determines the thermodynamic proper-
ties of the network. This assumption is based on a
picture of a rather regularly ordered structure where
heterogeneities have no influence on the proposed affine
stretching behavior of the network chains. However, as
explained in the Introduction, the relaxation behavior
of statistical networks points to a very disordered
inhomogeneous network structure, which is character-
ized by a rather nonaffine behavior. This is supported
by the fact that the network strand lengths are expo-
nentially distributed68 and therefore extremely polydis-
perse, making affine behavior very unlikely. An alter-
native approach is to describe the swelling behavior of
a statistical network in which the linear network chains
are replaced by fractal objects.33,38 Their connectivity
is characterized by a spectral (or internal) dimension
di > 1. (The total number of monomers accessible by
travelling n monomers along the topography of the
network scales as ndi, defining the internal dimension
di.38 For linear chains di ) 1.)

The network structure is considered to consist of
strongly connected clusters of strands, which are only
weakly connected to each other. For lower degrees of
swelling, typically Q < 2, the swelling process can be
illustrated with the picture of unfolding of larger
clusters. Because the linear polymer is much smaller

than these clusters it acts as a good solvent. The
movement of these large clusters is therefore driven by
mutual excluded volume interactions. In other words,
we are applying exactly the same principle governing
the stretching of a single polymer chain in a good
solvent. Individual clusters are connected either by long
network chains, or by weakly connected substructures.
The more cross-linked clusters are only weakly de-
formed, resulting in a nonaffine behavior of the whole
network. However, if a good small molecule solvent were
used to swell the network, even the more cross-linked
clusters would unfold and deform. The total swelling
would therefore represent an average behavior that can
be characterized by the average length of a network
strand. For this reason, linear polymers are very ap-
propriate for rigorously investigating the swelling be-
havior of model polymer networks. Similarly, however,
if the linear chains are too long, excluded volume
interactions will vanish and an investigation of these
large-scale structures will not be possible.

In using this model, Sommer et al.33 were able to
obtain a scaling parameter pA/N, where A is dependent
on the internal dimension of the clusters. Equation 10
is then modified to give

where z is a fitting parameter.
Results and Discussion. In our experiments, we

used networks with mesh sizes of between N ) 60 and
2000 and polymerization indices of the linear polymers
of P ) 138, 313, 714, and 1696. The samples were
annealed at 185 °C under vacuum. To verify that the
swollen network was at equilibrium, we measured in
each case a second identical sample that had been
annealed for twice as long. If the dPS concentration
remained constant we concluded that the samples had
reached equilibrium. Typical annealing times necessary
for attaining equilibrium were between 12 h for P ) 138
and 1 week for P ) 1696. The various values of N, P,
and Q are listed in Table 1.

The use of two different network preparation methods
gives our experiments a general character. First, we
were able to cover a wide range of mesh sizes and second
we could exclude preparation state effects on the equi-
librium swelling as a dominant factor in our results (e.g.,
a swollen preparation state in the case of the chemical
networks or a different structure due to chain scission
in the case of ion beam cross-linked networks). We note
that the swelling obtained for chemical (N ) 320)
networks is similar to the swelling obtained for compa-
rable ion beam cross-linked networks (see Table 1) for
all of the linear molecular weights considered. This was
also the case for previous measurements of the inter-
diffusion of these linear polymers into these networks.43

Although SANS measurements on poly(N-isopropyl-
acrylamide) gels69 showed that there are differences
between γ-irradiated and chemically prepared networks,
this must not be taken as a general result because, for
the reasons pointed out above, we believe that both
preparation methods used in the present work produce
similar model random networks.

In Figure 2, we show data exemplifying the swelling.
From these data we note that there is no depth-
dependent swelling behavior (which would suggest
depth-dependent cross-link densities). This is the case

Q ) f2(zPA

N ) (11)

N ) - P
2(1 - φ)( 1 + G1D(φ)

ln φ + 1 - φ + Pø(1 - φ)2) (8)

Q ) 1/(1 - φeq) (9)

Q ) f1(PN) (10)
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for all of our data. The equilibrium dPS concentration
at the surface of the network is nearly unity for all
systems, with the slight discrepancy probably being due
to the movement of heterogeneities within the system.43

As expected, we observe a decrease in the swelling if
we increase the molecular weight of the linear chains
for a given value of the mesh size. We also note a
decrease in Q for a given linear chain length with
decreasing mesh size. As an example, in the case of
N ) 60 we observed no interdiffusion at all for chain
lengths of P ) 714 and 1696 but for N ) 110 only P )

1696 did not swell the network. Previous experiments
have shown diffusion into polystyrene networks to be
completely inhibited when the linear polystyrene is of
very high molecular weight.40,47

In Figure 3, parts a and b, we show the experimen-
tally obtained swelling ratios Q together with the
predictions of the phantom and affine Flory model (eq
6). We observe swelling ratios Q larger than the
calculated theoretical values for all mesh sizes and
linear chain lengths. The results displayed in Figure 3
may be explained in terms of the Flory-Rehner theory
if we assume that not every chain contributes to the
network elasticity due to, for example, “dangling ends”
or other finite branched structures, which might result
in a smaller “elastic” osmotic pressure and a larger
swelling ratio. To take into account elastically inactive
chains we introduce an additional factor into eq 1 to
weight the elastic energy

k is therefore used as a fitting parameter. In Figure 3,
parts a and b, we also show the respective fits to the
data using eqs 4 and 6 (modified using eq 12) for a
varying mesh size with constant linear molecular weight.
The values of k are shown in Figure 4 as a function of
P. Both the affine Flory and phantom models give
acceptable fits although for all molecular weights the
phantom model works slightly better than the affine
Flory theory (ø2 is smaller). Within the scope of the
classical models, the respective fit values of k must be
considered as mean values averaged over all mesh sizes.

Table 1. Relevant Parameters for the Networks Used in
the Equilibrium Swelling Measurements, as Well as the
Swelling Results for the Four Linear Polymers Useda

swelling ratio, Qmesh
size,

N
prep

method

precursor
polymn
index P ) 138 P ) 312 P ) 714 P ) 1696

60 chem 3221 1.22 1.18 1.03 1.01
110 chem 3221 1.47 1.25 1.09 1.02
120 chem 3000* 1.27
320 chem 3221 1.67 1.43 1.25
264 irr 3221 1.43
308 irr 3221 1.89 1.52 1.28
361 irr 3221 1.85 1.61 1.33 1.14
361 irr 6192 1.16
378 irr 3221 1.25
431 irr 6192 1.22
437 irr 3221 2.17 1.72 1.47 1.25
474 irr 6192 2.50 1.82 1.52
534 irr 3221 1.54 1.39
559 irr 6192 1.85
589 irr 6192 1.49
610 irr 6192 2.00 1.67
639 irr 6192 3.13 2.33 1.69 1.45
743 irr 6192 2.33
763 irr 3221 1.43
853 irr 3221 1.82
924 irr 6192 2.50 1.89 1.67
933 irr 6192 1.82

1066 irr 6192 4.00 2.94 2.11
1388 irr 6192 2.08
1933 irr 6192 2.86
2078 irr 6192 2.50

a The preparation methods referred to are the chemical method
(chem) as well as irradiation prepared networks (irr). The precur-
sor marked with an asterisk is polydisperse with a polydispersity
of 2.

Figure 2. Sample ion beam equilibrium swelling data and
fits. Spectra a-c are for mesh sizes of N ) 639, 361, and 110,
respectively. The latter network was created by the chemical
method schematically illustrated in Figure 1 and the first two
by ion beam irradiation. Spectra i-iii are for linear chains of
P ) 313, 714 and 1696, respectively. The samples were
annealed for between 3 days and 2 weeks at 185 °C.

Figure 3. Experimental results for the equilibrium dPS
volume fraction and the swelling ratios Q. The data are fitted
using eqs 7 and 12. The dashed lines represent the affine Flory
model; the solid lines, the phantom model. The relevant linear
molecular weights are indicated in the figure. In part a, we
also show the theoretical predictions for k ) 1. The error in
determining the mesh size is better than (10%. The uncer-
tainty in the dPS volume fraction is less than (5%.

∆F ) k∆Felastic + ∆Fmix (12)
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We could, for example, attach to every mesh size a
different elastically effective number of network chains.
We therefore could expect a slight increase of swelling
if we increased the precursor molecular weight. To check
this possibility we can compare measurements with
different precursor molecular weights but similar mesh
sizes. However, we did not observe any systematic
change in swelling (see Table 1). This is also reflected
by Figure 3, parts a and b, where the measurement
values follow a continuous curve, although we used
several precursor molecular weights.

As a next step, we compare the fitting parameters
obtained for the different molecular weights (Figure 4).
According to the Flory-Rehner theory, k should remain
constant, as the elastic free energy should not depend
on the different molecular weights of the solvent chains.
The constancy of k results directly from the additivity
of the free energy terms assumed in eq 1. In Figure 3,
however, we see that there is a decrease of the contribu-
tion of the elastic free energy with increasing linear
chain length. In the case of the lowest molecular weight
(P ) 137) we note that the fitting parameter tends to
unity. This is consistent with conventional swelling
measurements using good organic solvents where the
Flory-Rehner theory works quite well.57-59 Although
k not being constant suggests that the elastic and
mixing energy terms cannot simply be added, it is
equally possible that a different model (e.g., with a cross-
link-dependent ø-parameter) may circumvent this fail-
ure of mean-field theory.

To summarize our data we present a master plot
(Figure 5a), showing the swelling as a function of P/N
(eq 10). According to the classical theories (eq 10), the
measurement values should follow a single continuous
curve, but the data display considerable scatter. Ad-
ditionally we show the predictions of the affine Flory
and phantom theories for perfect networks undergoing
athermal swelling in one and three dimensions. We also
show the prediction of the affine Flory model in three
dimensions influenced by the small ø-parameter of the
isotopic polystyrene blend (dPS/hPS)70-72 for a linear
chain length of P ) 1696. For the largest molecular
weight, we obtain the largest shift from the athermal
prediction. It is clear from Figure 5a that no repulsive
enthalpic interactions are responsible for the observed
behavior, as this would suggest the opposite behavior,
e.g., less swelling for larger P/N. We also see from Figure
5a that the one-dimensional swelling models underes-
timate the measured swelling by a considerably greater
amount than the predictions for three-dimensional
swelling.

As our networks are statistical and not end-linked,
we tried to take into account the mesh size distribution
by a simple approximation within the classical theories.
First we assumed that the network chain length dis-
tribution F is either Gaussian68 or exponential.73 (The
correct treatment of network chain length is similar to
that used to calculate mean free paths and transport
coefficients in gases; the probability of a cross-link lying
further than Ni monomer units from the previous cross-
link is given by (1/N) ∫Ni

∞ exp(-Ni/N)dNi ) exp(-Ni/N).

Figure 4. Fitting parameter k obtained for the different linear
molecular weights (see eq 12). The fits corresponding to these
values are shown by the solid and broken lines in Figure 3.

Figure 5. (a) Scaling plot for the different linear polymer
molecular weights. The lines indicate the predictions of the
affine Flory and phantom theories for both one and three-
dimensional swelling, as well as the affine Flory theory for
three-dimensional swelling including enthalpic effects for
P ) 1696. The data points do not collapse onto a single master
curve as predicted by the affine Flory theory. (b) The prediction
of the affine Flory theory (taken from part a), along with the
predictions of the affine Flory and phantom theories for a
polydisperse network with the cross-link density distribution
given by Fexp ) (1/N) exp(-Ni/N). (c) Master plot according to
the recent scaling theory.33 We used an internal fractal
dimension di ) 1.10 to obtain A ) 0.87 (eq 11), using a fitting
parameter dependent on the relative magnitudes of the mixing
and elastic components in the chemical potential.33 The curve
is only fitted to points with a dPS volume fraction of greater
than 0.25 (i.e., the open symbols were not considered in the
fitting).
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The network chain length distribution is thus expected
to be exponential.) We then calculated the chemical
potential of the network by adding the weighted con-
tributions of the mesh sizes Ni, and from eqs 7, 9, and
10, the equilibrium volume fraction is then given by (for
ø ) 0)

with Fexp ) (1/N) exp(-Ni/N) or FGauss ) (1/x2πσ)
exp(-[(N - Ni)2/2σ2]). The results of the Gaussian
distribution for different values of σ yielded almost no
change in the degree of swelling. This is in agreement
with the theoretical results of Vilgis73 for weakly inho-
mogeneous networks. In the case of the exponential
distribution, a more noticeable deviation from the P/N-
scaling behavior is observed. However, we observe a
decrease of the quality of solvent (less swelling com-
pared to the Flory-Rehner prediction for a single mesh
size) with increasing linear chain length in contradiction
to the results shown in Figure 5a. The decrease in
swelling is simply because smaller mesh sizes are more
likely than larger meshes. We show the predictions for
the exponentially decaying cross-link density distribu-
tion in Figure 5b.

Cross-Linking Density-Dependent ø-Parameter.
As we mentioned in the Introduction, a school of thought
has it that there is a cross-linking dependency to the
ø-parameter. It is possible to fit our data to a floating
ø-parameter in order to test this assumption. If the
assumption that a cross-linking density-dependent ø-pa-
rameter could explain the swelling in our networks is

correct, the calculated value of ø should still be inde-
pendent of linear polymer molecular weight. We show
the results of such an analysis in Figure 6, parts a and
b, and we see that this criterion is achieved. For all of
the linear polymer molecular weights tested, the value
of ø obtained from the swelling measurements is, within
error, the same. In Figure 6, parts c and d, we also show
the same analysis but for one-dimensional swelling.
Although a much greater value (i.e., more negative) of
ø can be used to fit the data, the same result for ø cannot
be used for the different linear polymer molecular
weights.

Previous work including a cross-linking density-
dependent ø-parameter is not restricted to a particular
molecular model for the elasticity of the network.22,25-30

A measured form of the elasticity can be included in the
elastic term of the free energy. Under such circum-
stances, the Flory-Rehner hypothesis has shown to be
able to explain the data. This is particularly useful for
mechanical experiments, and does have the advantage
of removing some experimental uncertainty. Such an
approach in this work would mean that the debate over
whether to use one or three-dimensional swelling is no
longer being a problem because we should no longer be
imposing a particular model on our analysis. However,
direct measurements of the elasticity of our films would
be difficult, and the replacement of a particular model
by a system dependent measured parameter loses
generality. Certainly, an understanding of the molecular
model itself is necessary if we want to predict structure-
property relationships for elastomeric materials.74 In
any case, our analysis provides perfectly acceptable
agreement with the data without having measured the
elasticity. Another situation noted in previous work is

Figure 6. Interaction parameter plotted as a function of cross-linking density, 1/N for the four different linear chain sizes used
in the present study. In part a, we show the interaction parameter as calculated using the affine Flory theory, and in part b,
using the phantom model. The solid line is a fit to the data, given in part a by ø ) 0.27712-0.277731exp(1/N) and in part b by
ø ) 0.285637 - 0.285419 exp(1/N) (the lattice volume is based on a styrene monomer). Parts c and d show the same analysis as
that for parts a and b, respectively, except that they indicate results for one-dimensional swelling. Because of the scatter in the
results for ø using one-dimensional swelling, we do not fit to the data.

φeq ) ∑
Ni)1

∞

φ(Ni)F(Ni) ≈ ∫1

∞
F(Ni)(1 - 1/f1(P/Ni)) dNi

(13)
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where the value of ø was dependent on concentration,
or degree of swelling (usually by a form similar to ø )
ø0 + ø1φ + ø2φ

2).17,24,30 We have imposed no such
concentration dependence primarily because we do not
need to, but also because we are considering low degrees
of swelling, where any concentration variations are
comparatively small in comparison to the case for small
molecule solvents.

We also use the scaling model of Sommer et al.33,38

because we believe that heterogeneities play a dominant
role in the swelling we measure. Sommer and co-
workers obtained by computer simulation an internal
dimension di ) 1.15 for their networks.38 As our net-
works are less cross-linked we consider this value to be
an upper limit. If we use di ) 1.10, we obtain for the
exponent in eq 11, A ) 0.87.33 In Figure 5c, we present
a new master plot where we have replaced the P/N
scaling variable by P0.87/N. It is clear that, by introduc-
tion of the exponent, the scaling behavior improves and
the data start to collapse onto a single curve. Although
the fitting is not perfect, in contrast to the classical
theories discussed above, this new scaling theory does
show the direction in which further refinements should
be directed. In the scaling approach, the unfolding of
the clusters can take place in a manner that accom-
modates sample geometry so the issue of dimensionality
is not a great concern.

For higher degrees of swelling (or smaller linear chain
lengths), our results begin to approach the predictions
of the classical Flory-Rehner theory (Figure 4). This
means that at higher degrees of swelling, the picture of
individually stretched chains begins to be recovered.
This is in line with many experiments showing that the
Flory-Rehner theory is a good approximation for the
description of equilibrium swelling of networks using
organic low molecular weight solvents.

We have to emphasize that the above scaling theory
is only applicable to our systems if we can assume the
presence of much larger structures than, for example,
a single network chain. With such an assumption, we
believe that we can explain the swelling of polystyrene
networks by linear polystyrene as being due to large-
scale structures being driven apart by excluded volume
interactions due to the presence of linear polystyrene
acting as a good solvent for these structures.

Differential Chemical Potential of a Swollen
Network and Its Melt

The experiments described in this section are moti-
vated by measurements of the Eichinger group12,64 as
well as those of Gee and co-workers,65 who performed
comparative vapor sorption studies on cross-linked and
un-cross-linked polymer-organic solvent systems. These
groups were able to measure the differential chemical
potential ∆µ of these two states for different degrees of
swelling far below the respective equilibrium swelling
ratio.

First, they noted that λ∆µ shows an anomalous peak
with increasing squared swelling deformation λ2 (λ∆µ
was chosen because, according to phantom theory, it
should be independent of λ2). This peak cannot be
explained using the phantom or affine Flory theories.
Second, their results depended strongly on the solvent
used. Using the simple version of Flory-Rehner theory,
this solvent dependency is incompatible with the addi-
tivity of the elastic and mixing energy terms to calculate
the total free energy of a swollen network (eq 1), as,

according to this assumption ∆µ should depend only on
the elastic free energy, which is independent of the
particular solvent. Both Eichinger and Gee performed
their experiments in a regime of low degrees of swelling,
far away from equilibrium swelling by their solvents.
For this reason such measurements were also accessible
to the later theory of Sommer et al.38

As mentioned above, the swelling of the networks by
polymeric solvents takes place at similarly low deforma-
tion ratios. However, in contrast to the earlier experi-
ments,12,64,65 the elasticity of the network chains is
expected to play a much more dominant role and one
would therefore expect to observe a different behavior
of the differential chemical potential.

Simple Theory. We define s ) 1 - φlin, and u ) 1 -
φnet, where φlin and φnet are the volume fractions of linear
polymer inside a matrix of high molecular weight linear
polymer and the volume fraction of linear polymer inside
a polymer network matrix, respectively. We first con-
sider the chemical potential of the linear polymer inside
a network. This is given by62

which in turn gives

For the linear polymer trapped inside a high molecular
weight (PHMW) matrix, we have

yielding

Equilibrium will be achieved when the two chemical
potentials are equal. We write this as

Samples and Data Analysis. We are able to mea-
sure the chemical potential of networks swollen by a
polymeric solvent during different swelling stages by
using two layers. The bottom layer is the polystyrene
network, created either chemically or by proton irradia-
tion, and the top layer consists of a mixture of high
molecular weight polystyrene (HMWPS) (PHMW ) 23 100)
and a certain amount of deuterated lower molecular

µnet ) - u2∂(Fnet/u)
∂u

)

- u2 ∂

∂u(3Γ
2N

(u-2/3 - 1) + Φ
N

ln u + 1 - u
uP

+ ø(1 - u))
(14a)

µnet ) Γ
N
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1/3 - Φ

N
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P

+ 1
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∂s
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∂s( 1
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sP
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+
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+
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weight polystyrene (LMWPS) (Figure 7). We varied the
total amount of LMWPS in the system to obtain differ-
ent degrees of equilibrium swelling of the network after
annealing. We ensured that there was no diffusion of
the HMWPS into the networks by using large enough
HMWPS chains.40 As in the swelling experiments
discussed above, we took care to check that the samples
were in equilibrium after annealing. The total annealing
time for all data in this section was 1 week at 185 °C.

We used networks of mesh sizes of N ) 308, 610, and
320. The latter network was created chemically, the
former two by ion beam irradiation. For all linear
molecular weights used (we use P ) 138, 313 and 714),
the square of the LMWPS chain length is similar to, or
larger than, the HMWPS chain length. Following an
argument discussed by de Gennes,60 we conclude that,
because P2 gPHMW, the un-cross-linked melt is ideal and
free of fluctuations and that the HMWPS chains are not
swollen by the LMWPS chains. Therefore, the state of
the linear polymer mixture can be well described by
mean-field theory. The linear polymer mixture then acts
not only as a reservoir but also as a measure of the
chemical potential of the network. We use simple Flory-
Huggins theory to calculate the chemical potential of
the linear polymer mixture, which is, at equilibrium,
the same as that of the swollen network. Additionally,
we use the dPS concentration in the network to calcu-
late the chemical potential of the corresponding un-
cross-linked melt. We therefore obtain for the differen-
tial chemical potential of the network-linear polymer
system

In the simplest Flory-Rehner treatment, we should
neglect the entropic contribution of the HMWPS chains
as well as enthalpic interactions due to the small
ø-parameter.

In Figure 8, we show typical differential chemical
potential data of an irradiation cross-linked network
(N ) 610) using P ) 714. We analyzed the data by
fitting a step function convolved with a Gaussian
resolution function to the spectra to obtain φlin and φnet.

Results and Discussion. First we note from Figure
8 that there is a larger concentration of smaller LMWPS
chains in the linear matrix than expected from classical
theory. As in the swelling experiments, we were able to
confirm the validity of our results over a wide range of
mesh sizes by measuring systems consisting of chemi-
cally and ion beam cross-linked networks. They all show
the same behavior, which we discuss below.

In Figure 9a, we present results for the chemically
cross-linked network with N ) 320, in Figure 9, parts
b and c, we show differential chemical potentials for the
ion beam cross-linked samples with N ) 308 and N )
610. With the exception of the N ) 610 samples, we used
all linear molecular weights mentioned above to mea-
sure the differential chemical potential. Each datum
represents one spectrum. The abscissa represents the
squared swelling deformation ratio λ2 ) 1/(1 - φnet)2/3.
We note that λ∆µ decreases with decreasing elongation.
The same behavior is also obtained for irradiation cross-
linked networks with N ) 308 and 610 using the same
linear chain lengths. Within the figure we also show the
predictions of the classical affine Flory and phantom
models, which are given by

For the curves without a ø dependence, we have simply
set ø ) 0. The experimental data that are plotted in
Figure 9 use the differential chemical potential given
by

where ølin is the interaction parameter for the linear
polymer blend. In principle, ølin should be the value of

Figure 7. Schematic diagram of the sample geometry used
to measure the differential chemical potential of a network
and its melt. The right side of the broken line (interface)
represents the network denoting the cross-links by circles, the
left side the linear chain mixture. The black lines represent
the shorter dPS chains, and the gray lines, the nondeuterated
polystyrene (hPS) chains.
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Figure 8. Two spectra obtained for the differential chemical
potential measurements. The total amount of short dPS linear
chains in the systems has been varied. In part a, the initial
volume fraction of LMWPS is 0.67, and in part b, this value is
0.15. These two spectra have been obtained for the system with
N ) 610 and P ) 714 by annealing at 185 °C for 1 week.
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ø measured for the networks extrapolated to zero cross-
link density, but since ølin is a known experimental
parameter measured to good agreement by several
groups,70-72 it is sensible to use the known value. We
use the value measured by Budkowski and co-workers71

of

where we assume a lattice based on polystyrene mono-
mer and T is the absolute temperature (here 458 K). A
comparison between eqs 18 and 19 reveals consistency
with eq 14, except for the omission of the entropic
contribution due to the high molecular weight ho-
mopolymer, which has been neglected in this analysis.

Except, perhaps, for the P ) 138 data of the N ) 308
networks, all data for the various molecular weights
follow single curves within the error bars. Neither the
phantom theory, nor the affine Flory theory shows a
similar strong decreasing trend of λ ∆µ. However, the
use of the value of ø obtained from the swelling
measurements improved the agreement considerably,
with the phantom model probably giving the best fits
overall.

We can also directly compare our results to the data
obtained by Neuburger and Eichinger. Using low mo-
lecular weight solvents, they obtained a maximum for
λ∆µ in the range of λ2 ) 1.0-1.1.12 None of our systems
shows a similar maximum, even though we cover the
same range. This disagreement probably reflects the
elastic free energy playing a more dominant role swell-
ing a network by a polymeric solvent than by a low
molecular weight solvent (this does not however con-
tradict the results shown in Figure 4 where the factor
k, a measure of the number of elastically effective chains
in the network, increases with decreasing P). For
organic solvents, the elastic contribution can be consid-
ered as a small perturbation38 providing φ is not too
large. This is clear from eq 4 because, for organic
solvents, 1/P . 1/N. For polymer solvents, the mixing
and elastic contributions become comparable as 1/N ≈
1/P. It is also possible that there is some more subtle
explanation for the peak in λ∆µ because it appears to
be dependent on a variety of factors such as temperature
and solvent.21,64

In the present experiments, we are some way from
equilibrium swelling. As a result of the low swelling,
the unfolding of the clusters within the network is not
yet realized, and the Gaussian elasticity assumed by
Sommer et al.33 cannot be applied. The swelling of these
networks is governed by a virial expansion. The smaller
the volume occupied by linear chains, the more impor-
tant higher order terms become. Terms of higher order
than the second-order term used by Sommer et al. are
expected to lead to a different scaling exponent.

We therefore suggest a more qualitative explanation,
which also supports the picture of the heterogeneous
structure of a network. We propose that the expansion
of the network at the beginning of swelling can be
illustrated by the picture of the deinterpenetration of
densely cross-linked clusters. At this stage of the
swelling, the elastically effective chains are the inter-
connections of these clusters. If the solvent fraction is
increased, the elastic free energy not only increases
because of the increasing elongation of the chains but
also increases because smaller network chains begin to
contribute to the elasticity. We therefore have an
increasing amount of elastically effective chains and a
decrease in the mean mesh size N. In terms of eq 7, we
may insert a volume fraction-dependent N(φ) which
decreases monotonically with increasing elongation ratio
(the value of z in eq 11 could be modified in the same
way). The differential chemical potential is a direct
measure of the additional elastic and entropic contribu-
tions of the network strands due to cross-linking. In
Figure 9, we should therefore expect to see the effect of
an increase in the amount of elastically effective chains
as well as the solvent chains being forced to more
densely cross-linked regions with increasing swelling.
This qualitative model can also be compared with the
picture of linear chains that are entropically trapped
in “pores” of a heterogeneous medium.75 Indeed, the idea

Figure 9. Differential chemical potentials multiplied by the
swelling deformation ratio as a function of the squared
swelling ratio. All linear molecular weights are shown together
with the predictions of phantom and affine Flory theory. In
part a, we show the results for the chemically created N )
320 networks; in parts b and c, the respective data for the ion
beam cross-linked N ) 308 and N ) 610 networks are shown.
In each case, we show the predictions of the phantom model
and the affine Flory theory corrected for the ø dependence of
the cross-link density calculated from the equilibrium swelling
measurements. In all calculations, we neglected the contribu-
tions from the high molecular weight linear polystyrene.

ølin ) (1 - 0.18φlin)(0.124
T

- 0.000106) (20)
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of entropic trapping being present in these networks is
supported by the elongation of polystyrene brushes
during the penetration of chemically prepared networks
by polymer brushes.42

On the Applicability of Mean-Field Theory
In this, and our earlier work,33 we have presented two

different forms of analyses for the swelling of polymer
networks. We find that we can explain the swelling of
polymer networks by treating them as a fractal sys-
tem,38 and analyzing the data using a simple scaling
theory.33 We can also achieve the same goal by using a
modified Flory-Rehner approach based on the inclusion
of a cross-link-dependent ø-parameter. The approach
using a cross-link-dependent ø-parameter works slightly
better if the phantom model is used as a basis for the
analysis. We can also analyze differential swelling data
with the same theory (again, the phantom theory is
slightly better). In this case, the scaling theory does not
provide a suitable examination of these data. Given the
success of these two different approaches we here
consider why we do not consider this modified Flory-
Rehner approach to be the best way forward in consid-
ering the problem of network swelling.

The first argument concerns the value of ø. To fit our
data correctly, a negative, N-dependent, interaction
parameter must be used. The value of ø is increasingly
more negative with increasing cross-link density. From
the usual viewpoint of Flory-Huggins lattice theory, it
is difficult to see how extra cross-links could increase
the miscibility of the polymer in the network, particu-
larly given that our experiments concern two different
forms of cross-links. Furthermore, it is perhaps surpris-
ing that the increasing negativity of ø is not linear with
increasing cross-link density; if we consider ø as a purely
enthalpic interaction then by doubling the number of
cross-links, we double the interaction energy and thus
ø should be affected in the same way. Measurements
on natural rubber have, however, shown that ø can
increase linearly with cross-link density.26 Recent SANS
measurements of the interaction parameter between
linear and branched polystyrenes have shown that ø is
positive and increases with increasing number of
branches.76

Another important argument against the use of the
modified Flory-Rehner theory is that it concerns three-
dimensional swelling. Our samples only show swelling
normal to the substrate; we see no lateral swelling.
However, when we use one-dimensional swelling in our
analysis, we have seen that the agreement with the data
is much poorer than with three-dimensional swelling.
We have also shown in this work that a cross-linking
density-dependent ø-parameter cannot be responsible
for this discrepancy because it varies with respect to
the length of the linear chain. We have in the past
considered one-dimensional arguments40 with these
networks but further experiments revealed that one-
dimensional swelling provided poor agreement with the
data (surface segregation of linear polymers from a
network),41 or was completely unusable, as was the case
for measurements of the interdiffusion of linear poly-
mers into networks.43 In the surface segregation mea-
surements,41 we observed that there is far too little
segregation of linear polymer to the vacuum surface
predicted if we use one-dimensional swelling arguments
to describe the phenomenon.

The use of mean-field theory in general has been
criticized earlier in the paper. The criticism works on

two levels, provided one accepts the existence of large-
scale heterogeneities in polymer networks.34,66 Regions
of different swelling will need to have different free
energies attributed to them. When these energies are
added together, the result must equal the total free
energy of the entire system evaluated at the mean
values of φ and 1/N. However, because the Flory-
Rehner model is not self-consistent, this will not be the
case. We have shown in a basic treatment (Figure 5b)
that the polydispersity in network strand lengths results
in a decreased swelling, rather than the increased
swelling that we observed relative to the simple mean-
field models. Considering such a problem rigorously is
not a trivial matter and eventually leads to the use of
the replica trick to solve the mean-field problem.32,77,78

Of course, such a complex statistical mechanical treat-
ment is not necessary for polymer blends, or concen-
trated polymer solutions, because entanglements are not
localized in space. A second problem, given the existence
of large-scale heterogeneities is the inability of mean-
field theory to predict them. The length scales relevant
in mean field theory do not extend beyond the size of
the linear chains and the average mesh size of the
polymer.

The inability of mean-field theory to predict large-
scale heterogeneities has led to a scaling theory for the
elastic contribution to the free energy being developed
in a mean-field context.22 In this work, the existence of
excluded volume interactions is recognized through the
mixing term in the free energy, but these interactions
yield only a corrective prefactor to the original phantom
model. With this approach, the importance of the
ø-parameter is minimized although it is not neglected.
(Another scaling theory for the elastic contribution to
the free energy has been proposed and used for a
description of the deswelling of polymer gels.)48 Another
attempt to consider an extra length scale in the mean-
field model introduced a length scale that bounded
nonaffine behavior from affine behavior.79 Here the
authors considered the effect of stretching on the size
of the tube, within which the network chains are
confined. Although this method was capable of predict-
ing plausible stress-strain relations for polymer net-
works, its ability at predicting the actual heterogeneities
resulting from SANS measurements has not been
tested.

The use of mean-field theory to consider polymer
networks is prevalent largely because it is in many cases
successful. There are a variety of reasons why there has
been so much success for mean-field theory. The success
of mean-field theory (scaling theory extensions22,48

notwithstanding) hangs upon the absence of large-scale
heterogeneities in the network, or because such hetero-
geneities have not been perturbed or revealed in any
way. Our experiments, on networks cross-linked at, or
very close to, the dry state, and only exposed to small
degrees of swelling are a particularly good test of the
existence of heterogeneities. Experiments on networks
prepared in the swollen state20,22,24,30,48 are much less
applicable, because, when deswollen, the network is
likely to be much more isotropic than those described
in the present work. Experiments performed on highly
swollen networks are also more likely to be suitable
candidates for a mean-field analysis. In this case,
excluded volume cannot play a role, as the network is
completely unfolded. The length scale of the network is
then defined only in terms of an average strand length,
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and N and P become the defining parameters. The trend
toward this situation can be seen in our experiments
from Figure 4, as the value of P is decreased.

Summary and Conclusions

We have presented measurements of the swelling of
statistically cross-linked polystyrene networks by linear
dPS chains. We have shown that this almost athermal
system is ideally suited for the investigation of the
equilibrium properties of networks at low degrees of
swelling. We were also able to measure the chemical
potential difference of the cross-linked and un-cross-
linked systems during different stages of swelling. The
use of two different methods of cross-linking ensures
that we are confident about the generality of our results
because the degree of swelling is independent of the
method of sample preparation.

The detailed discussion of the results of both systems
using both the phantom model, as well as the affine
Flory theory, shows clearly that neither theory is
suitable for predicting the swelling process at low
degrees of swelling correctly. Consideration of enthalpic
interactions (i.e., using a small positive ø-parameter
taken from previously published measurements of iso-
topic linear polystyrene blends) or network strand
length polydispersity, within this model, is unable to
explain our experimental swelling results. The extension
of the Flory-Rehner approach to include a cross-link-
dependent interaction parameter is considerably more
successful. We have been able to determine a value of ø
from the swelling measurements that is dependent on
the average density on the cross-links in the network.
This value of ø is independent of the value of P, the
linear polymer chain length. The application of this
same value of ø to the differential swelling measure-
ments is also successful. This success does come at the
price of having a negative interaction parameter, which
is not expected for the polystyrene system. Another
difficulty with the current approach is that we needed
a three-dimensional molecular model to provide an
acceptable analysis of thin-film samples that only swell
in one dimension. The equivalent one-dimensional
model fails to provide a value of ø that is independent
of linear chain length, P.

However, our swelling measurements support the
idea of a network as a fractal object and can be
explained with the resulting scaling law.33 We empha-
size that this scaling law can only be tested using
athermal polymeric solvents (ø ) 0). The heterogeneous
structure is taken into account by considering the
network to consist of strongly connected clusters of
strands that are only weakly connected to each other.
Such structures result in a swelling process, which can
be understood from the measurements on the dif-
ferential chemical potential. The amount of elastically
active chains increases and the mean mesh size de-
creases with an increasing degree of swelling. This
behavior is considered to be responsible for the decrease
of the differential chemical potential with decreasing
elongation ratios. We conclude that large structures are
involved in the swelling process. The relevant structural
length scale of the network cannot be considered to be
the single network strand.
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